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STUDY OF THE EFFICIENCY OF MATHEMATICAL MODELING
FOR THE HEAT TRANSFER PROCESS

Abstract. This paper discusses mathematical methods and computational algorithms for the stationary
process of heat transfer in artificial structures. We examined the temperature distribution inside the pipe
depending on the radius, angle and length, which allowed us to conduct an in-depth analysis of the influ-
ence of various parameters on heat flows in the system. These results provide information to engineers
and researchers working in the field of petroleum transportation, allowing them to better understand
and optimize the thermal processes associated with this process. Modeling the thermal conductivity of
pipelines is an integral part of the analysis of transportation processes, and the results of this study can
be an important contribution to the design and control of technological processes in the energy and oil
and gas industries. Due to the relevance of this topic, our work was carried out using the example of a
literature review and control of the stationary oil heat transfer process. But the question of the relevance
of the most effective and optimal methods for monitoring and controlling all heat transfer processes in

various structures remains relevant.
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1 Introduction

All physical processes are described by
mathematical means, and for its implementation
effective methods specific to different heat
transfers are used. There are many computational
methods and simulators that need to be developed
to address such engineering problems. But, in most
cases, they need continuous updates in order to
improve the considered processes. Among them,
not only Kazakhstan, but also the leading
producing countries in the field of oil and gas are
increasing their production on the basis of various
scientific studies, using rational and optimal
methods for economic purposes without polluting
nature from an environmental point of view. And
there is no doubt that there will always be a search
for increasing the optimality of production. An
important factor in this sector is the transportation
of oil through pipelines. Transportation of oil
through pipelines is an important process in the oil
and gas industry. It is the main means of
distribution of oil from production sites to
processing and distribution points. Ensuring the
reliability and economy of this process requires
careful understanding and control of the
multifactorial phenomena occurring in the pipeline.
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In our research work, we focus on the significance
of the mathematical model of oil transportation
through an artificial pipeline and its
implementation.

2 Literature review

Vasiliev G.G. In his work, it was shown that oil
pipelines are designed for the transportation of oil
products and that they have special names
contingent upon the specific variety of... oil
products (gasoline pipeline or fuel oil pipeline) [1].
The main pipeline is designed for transportation of
oil and oil products from production sites to
consumption sites, characterized by high capacity
and large diameter. The main pipeline is
characterized by the following features: length,
diameter, capacity and number of pumping
stations. Process oil pipelines are used within
industrial enterprises to move various substances
necessary for the production process. Modern main
pipelines with a length of more than 1000 km are
independent enterprises equipped with high-power,
transfer stations, as well as stations with all
necessary production and auxiliary facilities. Their
throughput capacity reaches more than 50 million
tons of oil per year. Such pipes are mainly made of
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steel pipes with a nominal diameter of 500, 700,
800, 1000, 1200 and 1400 mm. For pumping oil
and oil products, pressure is usually 5.0 — 6.5 MPa.
Oil pipeline transportation is the process of
transporting oil from production sites to disposal or
processing sites using long lines of pipelines.
Pipelines are designed to provide a continuous and
controlled flow of oil along a specific route. This
process control involves adjusting various
parameters such as flow rate, pressure and
temperature to ensure system efficiency and
reliability. Pipeline transportation also includes
phases such as re-injection (or injection phase),
transmission and reception, each of which requires
special installation and management. The
equipment, technologies and methods used may
vary depending on the properties of the oil,
distances and terrain. The main component of the
main pipeline is the pipeline itself. Kurochkin V.V.
[2] and Tugunov P.I. Shcherbakov S.G. In works
[3,4], the depth of the pipeline is determined
depending on the climatic and geological
conditions, as well as taking into account the
specific conditions related to the need to maintain
the temperature of the pumped product. In the
event of an accident due to the terrain, line valves
are installed along the route to shut off sections of
the pipeline at intervals of 10-30 km. Intermediate
pumping stations are placed along the pipeline
route according to hydraulic calculations. The
distance between the stations is 60 — 200 km.
Hydraulic calculations of main pipelines are
usually based on the condition of stationary fluid
movement. Ahatov [.Sh. In [5], it is shown that the
movement of the product in various pipelines is
unstable in most cases, that is, variable over time.
The pressure and flow vary both along the length
and over time. There can be various reasons for the
unstable movement of products in pipelines. These
include variable consumption, switching on and off
of pumping units, closing shut-off devices,
occurrence of emergency leakage from the
pipeline. The real environment inside the pipeline
is considered as a dynamic system where the laws
of conservation of momentum and energy apply.
Perun L.V. [6] and Mirzajanzade A.H. [7] in the
works of scientists, it is shown that the
requirements for the reliability of pipeline systems
play a very important role, since the transportation
of oil products is carried out not only over long
distances, but also on a large scale. In addition to
the loss of a significant amount of oil, failures will

inevitably lead to a change in their operating mode.
The injection of oil at the initial sections of the
main pipelines and the reception of customers
along the route and at the end sections are another
reason for the pressure and flow changes along the
entire length of the pipelines and with time.

A long-distance pipeline system is a complex
dynamic system consisting of many elements that
are variously involved in the pumping process.
Some of them have non-linear characteristics that
significantly affect the monitoring and control of
the main pump parameters. Hence, it's crucial to
consider their dynamic characteristics when
formulating a mathematical model and devising an
oil transportation management system grounded on
it.

The choice of a particular numerical method
depends on the problem to be solved and may take
into account position, oil characteristics, pipeline
conditions, and required accuracy. The
effectiveness of the numerical method is mainly
determined by its ability to provide fast and
accurate solutions when solving the equations that
describe the transportation of oil through pipelines.

According to numerous studies, mathematical
modeling of fluid flow is the main method of
studying processes, particularly when direct
observation or examination of object or process is
not possible. Nikolaev D.A. [8] and Prokopov A.A.
[9] in the works of scientists, it is shown that
mathematical models are an effective tool for the
development and research of complex objects and
are used to determine the rational modes of
experimental research and work. Many works are
devoted to the modeling of fluid flows and related
processes in pipeline transport systems, dealing
with various aspects of model construction.

The assessment standard for the simulation
involves verifying if the outcome aligns with
experimental findings and if certain criteria are
fulfilled: congruence — the result aligns with
available data without rejection; significance — the
decision quality metric with test cases suggests
causal relationships; coherence — the outcome can
be reasoned and supported by existing information.
Each element of the model remains subject to
alteration throughout problem-solving tasks. The
model progresses as additional data is gathered and
fresh hypotheses on causality arise.

The thermal efficiency of hot oil affecting the
surrounding soil is the main problem of Hanyu Xie
and Changjun Li [10]. A hexahedral structural
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mesh of the models was created using ICEM
software. Based on the results of the research, it is
recommended to install the thermally affected zone
with a width of 16 m and a height of 9 m in normal
conditions. It shows that a rectangular thermal
effect zone is a more suitable approach than a
circular thermal zone when modeling an
underground oil pipeline system.

Kurasov D. [11] shows that MatlLab offers
extensive tools for visualizing mathematical
solutions, including graphical representations of
results, animations, and symbolic mathematics.
This emphasis on clear visualization is beneficial to
both problem solvers and those who study or
visualize results. MatLab is faster at creating 3D
shapes than Mathcad with advanced algorithms for
rendering 3D surfaces and shapes. It is widely
taught in US universities and used in leading
Russian universities, making it a standard tool for
engineering development. This  widespread
adoption reflects its importance in both education
and industry. Over the past three decades, it has
evolved into a comprehensive system of modern
numerical techniques that integrate centuries of
mathematical knowledge and provide powerful
graphical visualization tools. The system's
extensive documentation makes it a fundamental
electronic reference for computer mathematics
support. Mathematical modeling systems are
characterized by advanced visualization
capabilities, speed of 3D modeling, widespread use
in education and industry, continuous evolution,
and successful real-world applications.

In [12], the article presents the development of
a dynamic mathematical model of heat exchange
for a two-phase flow through the absorber pipe of a
linear solar collector. The model takes into account
changes in thermophysical properties depending on
temperature and provides a better fit to the
temperature profile in the solar collector. The
findings indicate a decline in the solar collector's
effectiveness as water transitions to vapor,
attributed to a reduction in the convective heat
transfer coefficient stemming from alterations in
the thermophysical characteristics of the liquid-
vapor blend.

A study of the mathematical model and their
conditions shows that using a mixture of oil, gas
and water as the working fluid in a folded heat
exchanger promotes efficient heat transfer and
improves energy efficiency [13]. The results of
numerical modeling show that gas accumulation on
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the walls reduces the local efficiency of heat
exchange in the heat exchanger channels, and an
increase in the gas content in the flow leads to a
deterioration in this efficiency. The effect of the
fold height on heat transfer is also significant, and
at low values of the Reynolds number, the best heat
transfer efficiency is shown by channels with a
higher fold, but with the increase in the Reynolds
number, the heat transfer efficiency decreases.

The work is devoted to the study of the
characteristics of oil diffusion in particles of an oil
sludge mixture under supercritical water conditions
[14]. Experimental data showed significant
improvement in oil removal efficiency with
treatment times ranging from 5 to 60 minutes and
temperatures ranging from 375 to 425 degrees
Celsius. Based on this, a mechanism for the
diffusion of oil in oil sludge particles under the
influence of supercritical water was proposed, and
a mathematical model of oil diffusion was
developed that takes into account heat transfer and
mass transfer, which can help improve the
efficiency of oil sludge treatment.

Mathematical modeling has been developed to
predict temperature profiles in flows of Newtonian
and non-Newtonian fluids in curved pipes intended
for petroleum industry operations [15]. The model
has been successfully validated against data from
real maritime operations, allowing highly accurate
process simulations to save time and resources.
Based on theoretical analysis and industrial data,
the study demonstrates the significance of
developing robust mathematical models for process
optimization in the petroleum industry.

This research conducted a computational
simulation of the consecutive stages involved in
heating waxy crude oil within pipelines,
transitioning from cooling to heating [16]. Physical
and mathematical frameworks were developed to
depict the heat transfer and fluid flow of waxy
crude oil throughout the tube heating procedure.
Insights are gained into the thermal and flow
characteristics during the process from cooling to
heating, which is a key aspect for optimizing the
strategy of this heating technology to reduce costs.
The results show that the thermal process during
tube heating can be divided into four phases: local
thermal response, thermal diffusion, global thermal
response, solidified oil elimination.

This study investigates the combined effect of
the volume fraction of carbon nanotubes and
electric field on improving the heat transfer of a
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dielectric oil-conducting fluid [17]. The geometry
considered in the work is an annular layer filled
with dielectric oil and bounded by two eccentric or
concentric cylinders. The goal is to analyze flow
behavior and improve heat transfer using a dual
enhancement technique by combining active
(electric  field) and passive (nanoparticle)
approaches. To solve the established set of
equations describing the laws of conservation of
electro-thermo-hydrodynamic flow, a numerical
finite volume method was used. A parametric study
was carried out to reveal the influence of various
relevant variables on heat transfer enhancement.
Significant heat transfer improvements ranging
from 3% to 77% have been obtained, especially
when applying an electric field. Adding 0.5%
volume fraction of carbon nanotubes provides
approximately 27% improvement in heat transfer.
Declaration of Competing Interest None.

The study [18] examines the fluid flow and
heat transfer characteristics of an oil-containing
wastewater outer film flowing around an elliptical
tube. Using numerical models, the processes of
heat exchange and fluid flow around a pipe are
analyzed. The effect of oil concentration on heat
transfer is discussed, and the effect of contact angle
on heat transfer performance is analyzed. The
obtained computational results allow us to establish
that increasing the fluid flow rate significantly
affects the movement speed, and increasing the oil
concentration has a complex effect on heat transfer
due to changes in forces around the pipe structure.

A review of the study on three-dimensional
numerical modeling of the heat transfer process in
horizontal oil pipelines considering shutdown
shows [19] that using the additional specific heat
method and the torque source method, a
mathematical model was built to numerically
simulate heat transfer and flow characteristics. The
results show that the effect of an anomalous
temperature drop during shutdown leads to
differences in the temperature, velocity and
gelation fields along the oil pipeline axis during the
early stages of shutdown. However, over time,
these differences gradually decrease. The study
also shows that the process of cooling waxy crude
oil in three dimensions is accompanied by changes
in heat transfer patterns and gel formation, this has
significant ramifications for the safety and
effectiveness of oil pipeline operations.

3 Materials and methods

The conveyance of oil via pipelines has
emerged as a crucial sector within the oil and gas
domain. Ensuring proficient oversight of this
operation stands as a pivotal element in
guaranteeing the dependability and peak
performance of the infrastructure. In this context,
the thermal processes taking place inside the
pipeline play an important role in ensuring the
safety of transportation, as well as in the efficient
use of energy resources. The basis of this study is
the consideration of a mathematical model that
considers the distribution of temperature inside the
pipeline during oil transportation. This facilitates a
complete understanding of the thermal processes in
the system. We emphasize the importance of
understanding the thermal aspects of oil transport
and use Matlab for the numerical solution of
thermal conductivity in pipelines. Presentation of
quantitative results of influence of various
parameters on temperature distribution can be a
basis for more effective design, management of oil
transportation system and optimization of
technological processes in oil and gas industry.

For the numerical solution of the heat equation,
the Matlab program is used for cylindrical
coordinates and discretization of space and time to
numerically approximate the solution of the
equation.

The stationary process of heat transfer in
artificial structures (pipes) is described by the
second-order independent differential equation in
the cylindrical coordinate system:

¢@g£¥22,éi(grfﬁij+ul_§_ 2% . (D)
ox or or) rop\ OJOp

#r)=C,r 1—(%]2 -V-COS(%}

V — velocity of fluid in the pipe (m/s), C, -

heat capacity coefficient of fluid (J/kg'K)A -
thermal conductivity coefficient; (W/m”"2-K); R —
radius of the pipe, H(x,r,(p) — temperature of the
fluid.

The boundary conditions for equation (1):

where

0| _, =Ty(r.0) )
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00 00
ol = or|_p ( a(x,(ﬂ)lr:R, 3)
O(x,r,@)=0(x,r,p+27) 4)

To solve the coefficient inverse problem,
additional conditions are used. We will use the
measured temperature values at the available
boundary x=R:

T g (x, go).

In the future, we will study a one-dimensional
model of oil transportation by pipeline. We believe
that temperature does not depend on the polar angle
Q:

Q(x,r,(o)z H(x, r).

Due to the fact ai =0 that system of
4
equations (1)-(4) takes the following form:
00 0 o0
—=—| ar==|, 5
¢(r)8x 61’( rar) )
9|x=0 = TO (6)
00 00
— =0, 1— =—h@-T, .7
or r=0 or r=R ( (X)) r=R ( )

Additional conditions on the pipe surface at
x = R are written in the form

T, (x), xe(0,1), (8)

where / — length of a pipe.

4 Development of a method for calculating
fluid velocity

The fluid velocity V' is determined by the
iterative method. At the beginning, the initial
approximation is specified. The next approximation
is determined from the monotonicity of the
functional

J)= j (0. R)-T,()Par. O
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where n — iteration number.
For n iterations, the solution to problem (5)-(8)
corresponds G, (x,r), , and for iterations, it

corresponds to 6,,,(x,r), i.e.

00,., o(. 00,
e

00 0 06
V n+l - ﬂ/ n I
n¢(r) Ox 6}’[ : or j

Subtracting we get the equality

OAG@ 00 0 OAG@
v, —— AV L - — | 32— | (10
#(r ), e +¢(r) - ar[ r— j,( )

where AG =0, (x,r)— 0, (x,r)
Boundary conditions for n» and n+1:

0n+1 |x:0 = TO ° 9n| TO >

x=0 =
Hence
Af| _, =0. (11)

Boundary conditions for » =0:

00

n+l

or

=0.

_o, %
r=0 or

Consequently
OAO
or

=0. (12)
r=0

Similarly from Robin's condition

69n+1

or

00,
or |,_g

r=

A :_h(0n+1_Ta],.=R’

r=R

A :_h(an -1, )|r:R’

equality follows

OAO
or R

r=

A (13)

=—hAG| _,.
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5 Formulation of conjugate problem

In the domain Q = (0,
the scalar product

I)x (O, R) we introduce

LR og(x,r) L
}[dx!f(x,r) .

0

or

(f.g) = jf(x, r)g(x, r)dx.

The formula for integration by parts over a
variable x takes the following form

(f 6g} (fg)L_Z—(f,glx (‘g j(ls)

where

(f, g)|x:0 = J.f(x, r)g(x, r)dx.

We multiply equation (10) scalarly by an
arbitrary  function y/(x, r) in the domain

0=(0,7)x(0,R

OAG 06
V —, + n+l , —
o '/’j (w(r . t//)
0 OAO
A .
(8}”( g or j l//j

We apply formulas (14) and (15), then

) and obtain

(o()

dr :I[f(x,R)g(x,R)—f(x 0

/

| dxfﬂx,r)g(x,r)dr =(r.2)

0
The formulas for integration by parts are
written in the form

Gf(x,r)

r

x 0 ]dx Idxjg X, r dr,

(AB,p- Vl//) —(A0.0-Vy) _ -

((o V. -AG, j (ﬂr%,y/j -
ar r=R

[MW’ ,/,j _(@WG_‘/’)
or 0 or or

1=0 and take into

Let is assume that y| _

account boundary conditions (11) and (13). Then

(¢( ) agx j - (AH,qb(r)- v, %_Zj _

A0, &
:—hR(AQ,l//)L:R—(?,/l a"r’j

Once again we apply the formula of integration
by parts

[¢( Jay Lt j—[w,qﬁ( ), 2 j=

=—hR(AOy) _, —(me a‘/’j +
r=R

r

+(A6,/1ra—l//j +| A0 3[1 a—‘/’j .
or ) or or

We accept the boundary condition 2

or

and
r=0

collect similar values

oy 0 oy
, A6, Vot —| lr—
V/] [ o(r)-7, Ox +6r[ " or D+

+(A0,hl//+ﬂaa—wj .

I

(o

=0.

=R

49



Study of the efficiency of mathematical modeling for the heat transfer process

As a result of these transformations, a
conjugate problem was created.

0 0 0
P Vna—f —r(/l a—‘/r’}zo (16)
=0 G =0 D
(hz// + z%—fjr_R =200-1,] . (8
After this we obtain the integral relation
2(40.0,~-T,) = —(AVaai” ¢(r),./,j_
(19)

—[AV%(;:(}*),!//).

Let's consider functional (9) for iteration n and
n+1:

I0,)= [0, (5. R)=T, ()P

Subtracting, we get the equality

J(Vu)=J (V)=
= 2£A9(x,R)(¢9n (x,R)-T,(x))dx+

+J(A0(x,R))2 dx.

0

Substituting (19) we deduce that

00
J(WV,.)-J(V,)=—| AV -
( n+l) ( n) ( ax (0,‘//)

/

_(AV%¢,WJ+J‘(A9(LR))Z dx.

0

We are looking for a minimum of functionality
J(V). Therefore, the inequality must be satisfied

JW,.)-J(V,)<0. It follows that

n
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o0
AV = p, (—"«zﬁ,wj,
Ox
or

o6
Vn+1 = Vn + 4, (5_)Cn¢’l//)’
l

R
Vo =V it [ s [ S gl (). 20)
X

0 0
6 Results and discussion

To numerically implement the solution to the
inverse problem for this process, we rely on the
following basic algorithms, which are described by
the block diagram.

Ist step. Input data: /, R, C, #(r), T,(x),

T, (x)
2nd step. Initial approximation is set V.

3rd step. Direct problem (5)-(8) is solved and
determined 6(x,7), 6(x,R), (Z—e
X

4th step. Inequality is checked J (Vn )< . If this

step satisfied, then step 7. If not fulfilled, then step
5.

5th step. The conjugate problem (16)-(18) is
solved and determined y (x,r).

6th step. The next approximationV, . is

calculated by the formula (20).
7th step. Problem solved with precision ¢&.
Arrays are output V,,, J (Vn )

8th step. Analysis of calculated data.

The research result solves the heat equation in
cylindrical coordinates using the Matlab program
and visualizes the temperature distribution inside
the cylinder. Heat transfer and boundary conditions
are the basic conditions required for numerical
calculations. The solution of the heat equation is
based on the last differences for each point of the
inner grid, and a new temperature value is
calculated. Figure 1 shows the temperature
distribution. A contour plot is created where the
colors represent the temperature values inside the
cylinder. The inclusion of a color bar provides an
explanation of the temperature variations depicted
by the colors.
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Temperature Distribution in a Cylinder
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Figure 1 — Display of temperature distribution in different sections

7 Conclusion

According to the results, study successfully
solves the heat equation, providing important
information about the temperature distribution
inside the pipeline for oil transportation conditions.
The obtained results make it possible to understand
the thermal processes taking place inside the
system and to determine the influence of various
parameters such as radius, angle and length on the
temperature distribution. This heat transfer model

can be an important tool in analyzing heat losses,
optimizing oil transfer efficiency, or preventing
problems related to pipeline temperature changes.
The results of such simulations can be used to
make decisions in the field of engineering and
management of transport infrastructure. It should
be noted that the heat transfer equation can be a
key element in solving problems related to thermal
aspects of oil transportation and allows
understanding and optimization of technological
processes in this context.
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